We present a complete analysis on the possibility of exciting and observing the Intrinsic Localized Modes (ILMs) in a crystalline linear array of nano pillars. We discuss the the nano-fabrication techniques for these arrays and visualization procedures to observe the real-time dynamics. As a consequence, we extend previous models to the study of two dimensional vibrations to be consistent with these restrictions. For these pillars, the elastic properties and hence the dynamics depend on the pillar's shape and the orientation of the crystal axes. We show that ILMs do form in the system, but their stability, defect pinning and reaction to friction strongly depend on the crystals properties, with the optimal dynamics only achieved in a rather small region of the parameter space. We also demonstrate fabrication techniques for these pillars and discuss the applications of these pillar arrays to sensing. 
I. INTRODUCTION
There has been substantial interest in application of micro-and nano-scale resonators to sensing. The majority of previous studies employing micromechanical cantilevers for use in sensing have monitored frequency shift upon attachment of particles or molecules [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . It has been demonstrated that micro-and nano mechanical sensors can afford single molecule, or even atom, sensitivity. This is achieved by producing a very high Q-factor resonator and measuring frequency shift upon attachment of a particle. The use of multiple resonators has been suggested for multi-channel sensing applications [12] .
However, as far as we are aware, there has not been any work on single molecule detection utilizing the amplitude of oscillations of nano mechanical arrays, although these ideas have been tested on the micro scale, see e.g. [13] .
ILMs have appeared in a large variety of oscillatory systems where nearest neighbor coupling and nonlinearity are present. These coherent oscillations, where most of the energy focuses in a single oscillatory pillar, were first discovered over 20 years ago [14, 15] . In some literature, ILMs have also been referred to as discrete breathers, but for consistency in this paper we shall keep the name ILM. Since then, ILMs have then been found in a wide variety of structures and there has been substantial interest in the theoretical analysis and practical applications of ILMs [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . In general, most of these works have concentrated on the analysis of the oscillations being described by one variable. In particular case of ILM in cantilever arrays, the one-dimensionality of vibrations was enforced by designing the experiments with the cantilever thickness in the direction of vibration to be much smaller than in the other direction.
In this paper, we outline the feasibility of using the amplitude of nonlinear oscillations of multi-pillar arrays with nanometer dimensions for sensing. In particular, we concentrate on the excitement and control of nonlinear oscillations known as Intrinsic Localized Modes, or ILMs. The ILM dynamics can be used to implement a high resolution sensor with the capability to perform single molecule detection. The detection concept is based on the study of the ILM configuration that is established in an array of nano-scale mechanical oscillators when a molecule attaches to one of the elements of the array.
An attachment will introduce an anisotropy in the array that could be detected due to the change in the ILM configuration. To realize this idea three challenges have to be 3 overcome: a comprehensive numerical simulation that will allow to understand the ILM formation and temporal evolution, a precise fabrication protocol for the nanopillar array compatible with the constraints of the experiment, and a suitable detection system that will allow to visualize the nanopillar oscillations and study the ILM evolution. In the following sections we will provide a detailed description on how these three challenges can be effectively accomplished.
The scaling of ILM-based sensors to nanoscale presents several challenges, the most important being visualization of motion. Traditional scanning microscopy techniques that have the capability to resolve nanometer scale structures do not allow to perform time-resolved images. We show, however, that it is possible to create an array with observable ILMs and record the oscillatory dynamics of the array if one utilizes the technique of EUV flash holography. Holographic imaging can achieve a high spatial resolution in the plane perpendicular to the illumination axis, while it has a much poorer resolution in the longitudinal direction. This technique thus limits the observation to oscillations parallel to the pillar array, as opposed to the transversal oscillations that were considered before [22, 24, 29] . Thus, it is essential to consider arrays capable of exciting two dimensional vibrations, and treat only the parallel vibrations as observables.
The two-dimensional motion of the pillars is similar to having two coupled oscillator arrays, or an array of oscillators with an internal degree of freedom. We undertake a detailed analysis of ILM appearance in the realistic models of these vibrations. Friction has been ignored in most previous works on the subject, but we felt that it is essential to incorporate it for nanoscale dynamics as the system vibrating at MHz frequency will undergo millions of oscillations per visualization sapling time (fraction of Hz). Based on the estimates provided in the literature, we also introduce friction in the system and show that it plays an essential role in stabilizing ILM dynamics. The conclusion of this work is the excitement and direct visualization of ILM in realistic system of nano pillar arrays is possible, but the application to sensing strongly depend on the geometry and elastic properties of the fabricated array.
II. SETUP OF THE MODELING PROBLEM
We model bidirectional vibrations of an infinite array of crystalline pillars. For simplicity, in this paper we assume that each crystalline pillar: has square cross-section; that the flat sides are parallel to the axis of the array; the two axes are perpendicular to each other; and the crystalline substrate connecting the pillars functions as a coupling mechanism.
These cantilever arrays, when driven by an external vibration source, function as coupled oscillators. The material properties determining the governing differential equations are a two-direction generalization of the nonlinear equations for pillar vibrations derived in [22, 24] . In order to reliably pin the ILM to the desirable location (center pillar), we introduce a small defect in that pillar's properties, represented mathematically as a modification of the ODE parameter α 1 , and make sure that the ILM is attractive to the defect's location in the array. The setup for the problem of interest is shown on Fig. 1 .
In an experiment with sub-micron nano pillar arrays, the forcing will most likely be distributed among many pillars, and artificial preparation of an ILM will be experimentally unfeasible. Thus, in our simulations, we have analyzed ILMs that spontaneously and robustly appear from random initial conditions, under the influence of distributed forcing.
The equations of motion for the pillars are formulated as follows. Suppose u k,x and u k,y are deflections of the pillar tips in the parallel (x) and transversal (y) directions to the array, as shown on Fig. 1 . Note that these two components of the pillar deflection are not necessarily aligned with the crystal axes. We compute the linear components of the stress by supposing for the given deflection, the quadratic part of deformation energy of an individual pillar is given by the quadratic form
For the purpose of this paper, we choose a parameterization of the symmetric matrix Q 2 with three parameters α 1,x , α 1,y and α 3 as follows:
where the index I stands for the quadratic energy of an individual pillar. There is also
1. An illustration of one dimensional cantilever array that is able to undergo vibrations in two directions. For explanation, we have also drawn a defected pillar that is used to pin the ILM appearing from random initial condition on the center pillar.
a quadratic coupling term which we shall take to be
Then for a rectangular pillar made out of uniform material with Young's modulus E and density ρ, with the dimensions w x (width), w y (thickness) and l (height), the frequencies of linear vibrations in the x and y directions are
where A = w x w y is the cross-sectional area of the pillar, and I x = w x w One of the parameters of α 1,x or α 1,y can be normalized to 1 by properly rescaling time, so in the new time τ = 1 corresponds to one period of vibration. In what follows, we shall make additional simplification and consider α 1,x = α 1,y = 1, which happens e.g.
for the case of material with cubic lattice aligned with the coordinate axes x and y, and thicknesses of the material in x and y directions adjusted properly. It is not essential simplification as far as physics is concerned, but it allows us to cut down on the number of parameters analyzed.
The parameters α 2,x and α 2,y can be derived analytically in terms of material properties of the pillars and geometric dimensions of the array [30] . This derivation is quite cumbersome and we shall not present it here. We shall just assume, for simplicity, α 2,x = α 2,y = α 2 which we treat as a parameter. Physically, such situation can be realized by adjusting the thickness of each pillar and the distance between the pillars. it is not an essential for further considerations, but it does cut down the number of parameters to study.The normalization used in this paper gives the typical values of α 2 to be around 0.1 for realistic materials and dimensions used, but it can also be as small as 0.02 and as large as 0.5. Then, we study the behavior of the system as a function of parameters α 2 and α 3 . Also, it is important to notice that the eigenvalues of the Hessian of this matrix are strictly positive for α 2 > 0 and α 3 > 0 so there are no degeneracies or unphysical values of parameters in the system. The nonlinear (cubic) term in the equation leads to the fourth order term in energy, described by a fourth order tensor Q 4 , i.e.,
proper symmetries are included, the number of non-zero components of Q 4 lead to the exceedingly large number of parameters. It is possible to estimate some of these components analytically if the information about the orientation of crystalline axes, pillar shape and nonlinear elasticity is known. This will be done in further studies; for the purpose of this work, we shall consider a simpler particular case of the nonlinear individual energy as
and the nonlinear coupling energy as
We shall note that theoretical expressions for the parameters α i and β i have been derived previously as a function of material parameters and geometric dimensions of the pillars [22, [24] [25] [26] . The coefficients for the individual beam can be derived from the nonlinear Euler-Bernoulli beam theory. If u is measured as a fraction of cross-section w x , for ex-
with the non-dimensionalized prefactor C 1 depending on the normalization of w x chosen, typically being of order 1. Depending on the geometry, the nonlinear coupling theory gives β 2,3 /β 1 ∼ 0.1 ÷ 1. However, we must note that the nonlinear coupling terms β 2 and β 3 , while have been derived analytically, in general do not fit experimentally observed parameters [30] . Thus, we shall treat the values of β 2 and β 3 as variables that are approximately of the same order. In what follows, we shall also keep the typical parameter scaling found previous works
although we do allow it to vary along the scan of the parameter domain.
The total potential energy is then E = E 2,I +E 2,C +E 4,I +E 4,C . For symmetry reasons, in the case considered here there is no cubic term in the energy. However, note that a cubic term may appear for a general arrangement of the crystal axes and pillar facets, in the geometries breaking the reflection symmetry of the system. The appearance and role of a cubic term in energy, leading to quadratic terms in the equations, is very interesting and will be addressed in further studies. However, this will lead to the necessity of investigation of a large number of parameters, which will be the object of further study.
The corresponding equations of motion for two directions arë
This functional form of directional coupling allows a comprehensive study of ILM formation for two parameters, α 2 , α 3 and β 3 . In addition, we have added the dissipation in the pillars, described by the term γu k , and the forcing term, proportional to σ. The coupling parameters α 3 and β 3 can be estimated numerically, but their precise value for a given experiment is generally unknown. Thus, they must be treated as parameters in the problem.
III. SIMULATION RESULTS
Here, we present the results for spontaneous formation of ILMs in the system. The values of the parameters used are presented in the table below. While the typical value of α 1 are around 1, we have chosen to scan a large set of values in order to accommodate both cases when there is large discrepancy in natural frequencies in two directions, and, alternatively, when the natural frequencies of vibration are very close to each other. Note that in our normalization, the Q-factor for an individual oscillator is simply Q = 1/γ, although there are some discrepancies in the pre factor of that expression because of different definitions. Experimentally measured values of Q factors for micro cantilevers are in the range of 10 4 , but it could be smaller for small nano-resonators considered here, as the internal dissipation in nano materials is not well understood. While this is commonly considered to be a very high Q, we believe it is important to introduce friction in the simulations, since we are interested in the very long time scales. As it turns out, small friction makes it much easier for ILMs to appear and pin on the defect, taken over very long times that are of interest for the application described in this work.
A short discussion of the forcing term is warranted here as well. It is possible to obtain piezoelectric driver for the pillar at the frequencies we consider here (several MHz), but it is hard to estimate the amplitude of such driver as delivered to pillars.
Instead, we take an alternative approach and use the idea of electrostatic driving of pillars that have been charged by ion bombardment [31] . Using estimates for a typical density of ions in the pillars from [31] , we conclude that if the deflection is measured as a fraction of w x , then the necessary electric field for the static deflection σ is given by E = σ(w x /L) 4 · 4.65 · 10 11 V/m. For example, for the aspect ratio w x /L = 0.1 and σ = 10 −4 , the necessary electric field will be 4650 V/m, which is easily realizable in experiment.
In order to relate our simulations to sensor applications, which would detect defects caused by molecule attachment to a pillar along an array, we put a 1% defect in α 1 for the pillar in the middle of the array. When the dissipation is present, ILM defect pinning seems to be enhanced. This is in contrast with previous results on defect detection in systems without dissipation [24, 25] where pinning on the defect was shown to be of rather sensitive nature. In any case, the formation of ILM in the nano pillar array is quite common -our calculations show that ILM tend to robustly appear for a large value of parameters; a typical example of ILM formation is shown on Figure 2 .
Nanoscale sensor applications of ILMs would exploit detection of oscillation amplitude for each pillar, as discussed in Section V, on a linear comb-like crystalline array. An individual pillar would be on the order of 100nm, with resonant frequencies in the hundreds of MHz. Hence, it is important to see how practical it is to detect a defect using ILMs. This is different from simply observing ILM formation. We define the ILM detectability as the energy concentrated in an ILM divided by the average energy of all other pillars (this energy is non-zero due to the competition between the forcing and dissipation). This observable measures how likely we are to detect a defect by ILM pinning; detectability values higher than unity correspond to more likely detection, while detectability ∼ 1 indicates uniform distribution of energy.
Our results are presented on however, these areas are relatively small. There is a highly intricate pattern describing high detectability of ILMs, and it is more typical to observe the energy concentration in ILM to be rather small for small defect percentages, as is evident from our results. Larger parameter defects induce stronger pinning. Thus, the work presented here warrants more detailed studies of ILM formation and detectability, and the necessity of improved design of nano pillar arrays for nanotechnology applications.
IV. NANOFABRICATION
The fabrication of the nano pillar arrays required for an ILM demonstration at the nanometer scale requires the single crystal ensembles fabricated to a very high level of precision. The techniques that can be used for such fabrication can be classified asepitaxially grown nano pillars, etched nano pillars and ion beam written nano pillars.
The epitaxial techniques are capable of producing large scale arrays of pillar arrays of correct scale [32] . However, in spite of our best efforts, we could not reliably produce linear arrays of nano pillars using either selective area epitaxy [33] or vapor-liquid-solid (VLS) [34] method for pillar growth; the variation from pillar to pillar was excessive.
The use of an etch-down process [35] was also difficult since in this case we would have to define mesas in the nanometer scale and etch down to several microns to define the pillar. However, we were successful in fabrication of the etched pillars by defining the pillars parallel to the plane of the substrate using a combination of lithography and dry/wet etches. The same form factor was also realized using ion beam based writers where instead of lithography the pillars were defined using ion or electron beam based ablation/writing. The ion beam based technique can produce arrays with lower number of pillars, but can achieve high accuracy and smaller cross-section. The remainder of this section is devoted to the description of these two techniques. signal, as the Figure 4 demonstrates.
While the etching technique is rather effective and does produce large and consistent arrays, it has a drawback as pillars demonstrate certain variability arising from the backside window etch, as shown on Figure 4 , left. Unfortunately, we were not able to consistently control the angle and shape of the pillars backside, which lead to variations of mass on the backside from pillar to pillar. This variation can be estimated as follows:
if α is the typical angle of the etch on the backside, w x is the thickness of the pillar and L its transversal length, then the typical uncertainty in pillars mass is ∆m/m w x tan α/(2L). For w x ∼ 1µm, α ∼ π/4 and L ∼ 10µm, the uncertainty in mass of a pillar due to the variation of the backside shape is estimated to be about 5%. Thus, while the process is highly suitable for creating large nano pillar arrays, if high consistency in pillars' mass is required, it may not be appropriate.
B. Ion Beam fabrication techniques
In order to circumvent the difficulties associated with etch techniques, we have therefore employed another method of pillar fabrication that is not limited by the lithography mask. We have made use of a FEI Quanta 3D Field Emission Gun SEM /Focused Ion Beam (FIB) instrument. Using an beam of gallium ions we are, with a high precision, able to achieve nano pillar array prototypes with a wide range of dimensions and using several different materials. We are also able to define pillars using the FIB with the thickness of individual pillars of 100nm or less, in contrast the etching technique we describe in the previous section produces pillars with cross-sections of at least 500nm.
The process of creating the array using the FIB is as follows. A small section of the semiconductor is cut from substrate and attached to a transmission electron microscopy grid. Once attached to the grid, the sample is thinned down using the focused ion beam to give it the correct thickness. This is shown in the part (a) (left, side view) and (b) (middle, plane view) of Fig. 6 . The focused ion beam is now directed perpendicular to the sample and the window is now written into it. The finished array of pillars is shown in Fig. 6(c) (right) . Thus using this method we can create nano pillar arrays with any crytallographic orientation and any dimension within the limit of the writing tool.
The Ion Beam technique demonstrates the ability to make prototype arrays suitable for dynamic investigations, albeit it is limited in scope to the production of 10-50 pillars because of the low speed, at least if realistic production time is assumed. However, the accuracy of this method is currently far superior to that of the dry etch method. In future works we shall consider whether it will be possible to enhance the accuracy of the dry etch method to approach that of the FIB technique.
V. VISUALIZATION USING EUV HOLOGRAM
We shall briefly describe the approach we followed to visualize the ILM dynamics using time-resolved flash extreme ultraviolet (EUV) holography. Techniques capable to form images without the use of lenses or mirrors have been widely used and found a vast range of applications in the optical regime. Lensless techniques are particularly advantageous in the EUV and X-ray region of the spectrum where complex optical elements are not available or difficult to implement. Besides its intrinsic experimental complexity, EUV imaging is particularly attractive due to the high spatial resolution that the short wavelength allows. Fourier transform holography [36] [37] [38] and iterative phase retrieval [39] [40] [41] are two different techniques which are employed in lensless EUV imaging.
We implemented a Fourier transform holographic set up with the illumination from a table top EUV capillary discharge laser. The holographic set up was realized with a
Fresnel zone plate that is used as a beam splitter to generate the illumination and the reference beams, in a configuration similar to the one used by McNulty et al. [42] . In this configuration the laser beam is split by the zone plate into two beams: the zero order is used primarily as the illumination beam while the first order focus constitutes a spherical divergent wave that is used as the reference wave-front. A unique compact EUV laser capable to produce fully coherent spatial illumination at λ = 46.9 nm, with a pulse energy typically in the range of 0.5 mJ and a pulse-width of 1 ns FWHM was the illumination source [43, 44] . The results shown in this section demonstrates the capability of the EUV holographic set up of obtaining time resolved images of extended objects (several microns) with a sufficient resolution to record the sub-micron pillars.
VI. CONCLUSION
In this paper, we have demonstrated feasibility of ILM formation for nano pillar arrays. We have shown that nano pillars of desired sizes can be fabricated and subsequently visualized using EUV single-shot holography method. Furthermore, ILM consistently appear in realistic models of vibrations of nano pillar array for a large variety of parameters, but the shape of ILM and sensitivity to the defect detection depends greatly on the size of the pillars and orientation of crystalline axes in the material.
